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Abstract

We introduce the diamond-alpha exponential function on time scales. As particular
cases, one gets both delta and nabla exponential functions. A method of solution
of a homogenous linear dynamic diamond-alpha equation on a regular time scale is
investigated, and examples of diamond-alpha exponential functions are presented.
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1 Introduction

The calculus on time scales is a powerful tool to unify discrete and continuous analysis
[1, 5, 6]. The generalization to time scales of forward and backward differen@keards

to delta and nabla derivatives, respectively. Based on these two types of derivatives, a
combined derivative, the so called diamomderivative, was recently introduced by Sheng,
Fadag, Henderson, and Davis [14]. Foe= 1 the diamonda derivative reduces to the
delta-derivative while fox = 0 we get the nabla-derivative. When one chooses the time
scale to be the set of real numbers, then all such notions are equivalent and coincident
with the standard concept of derivative. For other time scales, the diamaiedivative

is a linear convex combination of delta and nabla-derivatives and seems to be useful for
solving certain dynamic equations [12, 14]. Although the combined diamoerivative

has no anti-derivative, and so it is not a dynamic derivative [12], it is still possible to define
a diamonda integral on time scales with many interesting properties [9, 15, 16]. The
diamonde calculus is still in its infancy, and much remains to be done. Here we introduce
the diamonda exponential function from an appropriate diamanéigenfunction.
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It is known that eigenvalue problems of delta-differential operators play an important
role on time scales [2, 7]. We look to the diamomdierivative as a linear operator on
the linear space of differentiable functions in both delta and nabla senses. More precisely,
we investigate and compare the idea of eigenfunction on time scales for three kinds of
differential operators on a space of functions. An eigenfunction of a linear opérator
defined on some function space, is understood as any non-zero fufidtidhat space for
which there exists a functionsuch thal.f = Af. The solution of such problems depends
on boundary conditions required fér Typically, the exponential functions are defined on
time scales by means of a cylindrical mapping [5, 6]. An alternative but equivalent way,
is to define them as the solution of an eigenvalue problem. A suitalylg-) gives the
exponential function as the solution of a probleyn= py, wherep is a function, subject to
appropriate boundary conditions.

2 Preliminaries

In this section we give a short introduction, with basic definitions and necessary results to
what follows, on three types of calculus on time scales: (i) the dAla(if) the nabla (),
and (iii) the diamondx (<{>4) calculus. For more information we refer the reader to [1, 5],
[3, 5], and [11, 12, 13, 14], respectively.

By a time scale, denoted [, we mean a nonempty closed subseRofAs the theory
of time scales give a way to unify continuous and discrete analysis, the standard cases
of time scales arf =R, T=7, T=Nor T = cZ, ¢ > 0. In particular also the set
Qq= {—qk,O, g keZ,qg> 1} forms a time scale. The set of natural numbers is taken here
with zero:N ={0,1,2,...}. LetT* := T\{minT,maxT}. ThenN* = {1,2,...}, while for
exampleCZ* = cZ.

Fort € T, the forward jump operatos and the graininess functigmare defined by
o(t)=inf{se T:s>t} ando(supl) = supT if supT < +oo; pu(t) = o(t) —t. Moreover,
we define the backward operatprby p(t) = sup{se T : s< t} andp(infT) = inf T if
infT > —oo; V(t) =t —p(t). In the continuous-time case, i.e., wHER= R, we haveo(t) =
p(t) =t andp(t) =v(t) =0forallt € R. In the discrete-time case(t) =t+1,p(t) =t —1,
andu(t) = v(t) = 1 for eacht € T = Z. For the composition between a functionT — R
and functionso : T — T andp : T — T, we use the abbreviation’(t) = f(a(t)) and
fP(t) = f(p(t)). A pointt is called left-scattered (right-scatteredpit) <t (o(t) >1t). A
pointt is called left-dense (right-dense)ift) =t (o(t) =t).

The sefl® is defined byl := T\ (p(supT), supT] if supT < o, andT* = T if supT =
oo; the seflk by Ty := T\[inf T,o(infT)) if |inf T| < o, andTx = T if inf T = —co. More-
over, T = (T¥")", Tyn1 := (Tn), @ndT¥ := T¥ N T.

For a functionf : T — R, we define thé\—derivative off att € T¥, denoted byf2(t), to
be the number, if it exists, with the property that forat 0, exists a neighborhodd C T
of t € T such that for als€ U, |fo(t) — f(s) — f4(t)(a(t) — s)| < €|a(t) —s|. Functionf
is said to beA—differentiable orlT* provided f2(t) exists for allt € T*.

The O—-derivative off, denoted bny(t), is defined in a similar way: it is the number,
if it exists, such that for alt > 0 there is a neighborhodd C T of t € Ty such that for all
seV,|fP(t)—f(s)— fE(t)(p(t)—s)| < g|p(t) —s|. Functionf is said to bél—differentiable
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on Ty providedf"(t) exists for allt € Ty.
Example 2.1. The classical settings are obtained by choo8irgR or T = ¢Z, ¢ > 0:

1. Let T = R and f be differentiable. Thenf?(t) = f"(t) = f'(t) and f is A andO
differentiable if and only if it is differentiable in the ordinary sense.

2. LetT = cZ. Then, both derivatives

o = LT o = 2 - - o)

c
always existt € T.

It is possible to establish some relationships betw®and derivatives.

Theorem 2.2. [5] (a) Assume thaf : T — R is A—differentiable orT®. Then, f is O—
differentiable at and f2(t) = f2(p(t)) for all t € Ty such thaio(p(t)) =t. (b) Assume that
f : T — R is O-differentiable orTk. Then,f is A—-differentiable at and f2(t) = f"(o(t))
for all t € T¥ such thafp(a(t)) =t.

A function f : T—R is called rd-continuous provided it is continuous at right-dense
points inT and its left-sided limits exist (finite) at left-dense pointslinThe class of real
rd-continuous functions defined on a time s¢ais denoted b4 (T,R). If f € Cq(T,R),

en there exists a functiofi(t) such thatF2(t) = f(t). The A-integral is defined by
Df(t)at =F(b) —F(a).

Similarly, a functionf : T—R is called ld-continuous provided it is continuous at left-
dense points ifT and its right-sided limits exist (finite) at right-dense pointslin The
class of real Id-continuous functions defined on a time s€akedenoted byCi4(T,R). If
fe Q%T,R), then there exists a functio®(t) such thatG(t) = f(t). In this case we
define , f(t)0Ot = G(b) — G(a).

Definition 2.3. [12] Let T be a time scaleq € [0,1], jis = o(t) — s, Nis = p(t) — s, and

f : T — R. The{q—derivative off att is defined to be the valug®«(t), if it exists, such
that for alle > O there is a neighborhodd C T of t such that for als€ U,

o [FO(t) — F( s+ (L — &) [FP(t) — F()] s — T2 () estes] < Elbestts -
We say that functiorf is {q—differentiable orTX, providedf “«(t) exists for allt € TX.
Theorem 2.4.[12] Let f : T — R be simultaneouslfx and O differentiable at € T. Then,
f is Qq—differentiable at and f = (t) = a f2(t) + (1 —a) f7(t), a € [0,1].

Remark2.5. If a given function isA and O differentiable at the point, then the{q—
derivative att is the convex combination ok and O derivatives. It reduces to th&—
derivative fora = 1 and to thel—derivative fora = 0. The casax = 0.5 has proved to be
very useful in applications [14, 12, 13, 11].

We use the following notatiorCy (T, R) := C4(T,R) NCig(T,R).

Pefinition 2.6. Letabe T and f €Cy (T,R). Then, the(q—integral of f is defined by
2H1)Oat=a 2 f(T)AT+ (1—a) 2 f(1)Or, wherea € [0,1].

R
It should be noted that, in general, tf)g—derivative of ;f(T)QqT with respect td is
not equal tof (t).
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3 Delta and Nabla Exponential Functions

A function p: T — R is called regressive providet p(t)p(t) # O for all t € T*. By
R it is denoted the set of all regressive and rd-continuous functiorB. oBimilarly, a
functionq: T — R is calledv—regressive providetl— v(t)q(t) # 0 for allt € Tx. By Ry
we denote the set of all-regressive and Id-continuous functions Bn We recall now
some notations about Hilger's complex plane [4, 5]. @yit is denoted the set of Hilger's
complex numbersCp :=C, Cp:={ze C:z# —%} for h > 0; whereas byR,, we denote
Hilger’s real axis:Rg := R, R :={z€ C,:ze R andz> —%} for h> 0. Let Zy be the
stripZn:={ze C: - <Im(z) < £}, h> 0. Then, one defines the cylinder anecylinder
transformations as follows:

a) §h :Ch— Zn by §h(Z) = lLog(lJrzh),

b) &n : Ch — Zn by &n(2) := —#Log(1—zh),
whereLog is the principal logarithm function [4, 5]. Fdr= 0, one haty(z) = z and
§o(z) =zforall ze C.

Definition 3.1.
i) Let p € R. Then, theA—exponential function is defined by
z t
ep(t,to) == exp< . Eu(r)(p(T))AT> . (3.2)
ii) Let p € Ry. Then, the'l-exponential function is defined by
z ta
en(t0) 1= exp( £ (PDIC ) @2)

Proposition 3.2. [4, 5]
a) Letp € R. Then, theh—exponential functiory(-,to) is the unique solution of the initial

value problemy?(t) = p(t)y(t), y(to) = 1.
b) Letp € ®y. Then, theél-exponential functioBy(-,to) is the unique solution of the initial

value probleny”(t) = p(t)y(t), y(to) = 1.
The next theorem establishes a relation betweei thied 1 exponential functions.

Theorem 3.3.[6, Theorem 4.17]f p is continuous and regressive, then

ep(t,to) =& » (t,to).
n(t,to) m"sm( o)

If g is continuous and-regressive, then
&(t,to) =e ¢ (t.to).
1-q%p

We need also the following:

Corollary 3.4. Letp(-) € RNRy. Then,

a) €h(t,to) = Ty ee(t: o), andeb(to,to) = T

b) &(t,to) = 1— p(t)v(t)ép(t,to), and&p(to,to) = 1 — p(to)V(to).
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4 Naive Approach: Combined-Exponentials

Roughly speaking, théy—calculus is the convex combination&fand] calculuses. We
may be then tempted to define thg—exponential function by a simple combinationfof
andl exponentials. We consider here two such functigii; andqep, wherep € R N Ry
anda € [0,1].

Our first combined-exponential is the most natural to be considered:

Example 4.1. Consider the time scal€ = Z and the constant functiop(t) = 3. Take
to= 0. Then,ey(t,0) = (2)' is the solution of the initial value probleyf(t) = ly(t),
y(0) = 1. Moreover,&(t,0) = 2! is the unique solution of”(t) = 2y(t), y(0) = 1. It
follows thatEp(t,0) = a (3)' + (1—a)2, t € Z.

Our second combined-exponentia, also involves a convex combination, but of a
different nature. It is motivated by the definitions (3.1) and (3.2-efand[]—exponential
functions:

Z, z

t .
oealtto) =exp(a By (POIATHA-@) Bo(PO)T), totE T,

to
The combined-exponentige, presents some desired properties:

() aep(t,to) = 3(t,10)85 (¢, 1o);

(ii) In(aep(t,t0)) = aep(t,to) + (L —a)ép(t,to);

(iii) if pe RN Ry, then the semigroup properdey(t,s)aep(S,to) = a€p(t,to) holds.

While both functions,E, and e, generalizeA and[d exponentials, in the sense that
whena = 1 one gets thé&—exponential, and whem= 0 one gets thél-exponential, these
combined-exponentials can not be really called an exponential function. Indeed, they seem
to fail the most important property of an exponential function: they are not a solution of an
appropriate initial value problem.

5 Regular Time Scales

In the recent paper [10], Theorem 2.2 is used in order to obtain formulas fop ke
derivative of delta and nabla exponential functions. For that we need assumptions on func-
tionsp ando. We begin by recalling the notion aégular time scalg8].

Definition 5.1. [8] A time scaleT is said to be regular if the following two conditions are
satisfied simultaneously:

avt e T, o(p(t)) =t;

b) vt € T,p(o(t)) =t.

Remark5.2 If T is a regular time scale, then both operatprand o are invertible with
o l=pandp~l=o0.

The following statement holds:
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Proposition 5.3. [8] A time scal€T is regular if and only if the following two conditions
are true:

a) The pointnfT is right-dense and the poisupT is left-dense.

b) Each point ofT* is either two-sided dense or two-sided scattered.

Examples of regular time scales incluBe ¢Z (c > 0), 7, Qq, and[—¢&,0] UgZ with
€ > 0; while T = [a,b] U [c,d] is not regular.
Remarls.4. If T is aregular time scale, théff = T* = T« = T. Moreovero(T) =p(T) =
T.

We know from Proposition 5.3 that for regular time scalesacht € T* is either two-
sided scattered or two-sided dense. Next proposition gives direct formulas fdrythe
derivative of the exponential functioeg(-,tp) andéy(-,to).

Proposition 5.5. [10] Let T be a regular time scale. Assume thdp € Tandpe RN Ry.
Then,

(1-a)p°(t)
1+v(t)pe(t)
~Oa _ ap’(t)
& (ttg) = |(1—a)p(t) + ———————
bttt = |-0p) + S
From Proposition 5.5 we can immediately conclude that funatygnto) is a solution
of the initial value probleny®«(t) = q(t)y(t), y(to) = 1, whereq(t) = ap(t) + ﬁ%m
However, as illustrated by the next example, in general that is not the unique solution.

cje(tto) = [ap(t)+ Jeatt o).

} €p(t,to).

Example 5.6.Let T = cZ,c > 0, and consider thé&q dynamic equatiog®= (t) =0, y(tg) =
1, wherea € (0,1). Then, the constant function(t) = 1 is a solution of such initial value
problem. Further, it is easily seen that for a gieea (0, 1) alsoy,(t) = eqy(t,to), q= —%1,

is a solution: = = =g and

P — _
0= (ag+a-ar L Vet = (524 23 et =0
We have also thatx(to) = eq(to,to) = 1. Moreover, each convex combinationyaft) and
yo(t) is also a solution of the equatigite (t) = 0 with conditiony(ty) = 1. For that, let
us see that ifv(t) = Byi(t) + (1 — B)y2(t) = B+ (1 — B)ey(t,to), thenwe(t,to) = 0 and
W(to) = B+ (1—B) = 1. Thus,w(t) is also solution to the problem. To have uniqueness
of solution, a second boundary or initial condition is needed. Additionally, we see that
e_1 (p(to),to) = 327 # 1. Hence, with the second conditignp(to)) = 1, y(t) = 1 is the
un?aue solution.

Example 5.6 shows that if we want to have a unique solution for the projte(h) =
q(t)y(t), a € (0,1), then we need to consider two boundary conditions. Only in the cases
a = 1 anda = 0 the second condition disappear. This will be further investigated in Sec-
tion 6. Before that we introduce the idea of decomposition of a regular time scale into a set
of time scales that we caditomic
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Definition 5.7. Let T be a regular time s<§\le. LEbe a nonempty finite set of indices. We
say that a se®) = {Tj,i € |}, whereT = ., T}, forms an ordered finite partition of the
time scal€T if the following holds:

(i) forallicl\{maxl} one hasli NT; ; = 0 andmaxT; = minT;; while minT; =
minT, maxTmaa = maxT;

(i) eachT;, i€, is aregular time scale;
(i) forallte Ty, iel,tis either two-sided scattered or two-sided dense.

(iv) the setS={s :s = TiNTj;+1,i =1,...n— 1} is such that for ang > 0 we have
at least one of the nonempty sés—¢€,s5) NT; or (s,s +¢€) NTj;1 consisting of
two-sided scattered points only.

An elementT; € D is called anatomic time scalelf D = {T}, thenT is an atomic time
scale. We call the s&={s :5 =TiNTi;1,i =1,...n—1} defined in point (iv) theset of
switching points in the partitiorD.

Remark5.8. A partition D of a regular time scal@ can be finite or infinite. In the present
study we restrict ourselves to regular time scdlesith a finite partition. In the case of
infinite partitions, we would change the item (i) in Definition 5.7 to: foriadl 1\ {maxl }
one hasl; NT;,; = 0 andmaxTj = minT;, ;.

Remarks.9. Any atomic time scalé; in a decomposition df' does not admit a non-trivial

partition: the only partition of an atomic time scdleis D = {T;}.

Remarks.1Q A regular time scale admits a unique partition into a set of atomic time scales
because any two such partitions have the same set of switching points.

Example 5.11.(a) If T = R_U¢?, thenT = T1 U T, with T; := R_ U {0}, T2 := ¢Z.
(b) Letq € Z with g > 1. If T = Qq= {—d*,0,d%,k € Z}, thenT = T, U T, with Ty :=
{0,—d ke Z}, T, :={0,q", ke Z}. (c) If T = Z, thenT = Ty := Z.

Any regular time scale admits a decomposition into a finite or infinite partition. In
our present investigation we only consider regular time sc@legth a finite partition.
Example 5.12 shows a regular time scale with an infinite partition.

S
Example 5.12.LetT = |,y (T2nUTont1), whereTo, = [2n,2n+ 1] andTon 1 = {2n+

14+0.5p,2n+2—0.5p, p € g4-Y10}. ThenT is a regular time scale with an infinite parti-
tion.

6 Diamond-alpha Dynamic Equations

We consider linear equations with, derivatives. Our investigations are based on the fact
that on a time scale of isolated points, a first or¢igrequation becomes a linear equation

of second order when written in terms&dfind notions (cf. Examples 5.6 and 6.1). Thus,

to have uniqueness, two boundary conditions have to be used. We introduce the idea with a
simple example: il = Z anda = 0.5, then the Fibonacci sequence is the unique solution

to the boundary value probleyf« (t) = 0.5y(t), y(0) = 1, y(1) = 1.
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Example 6.1. Let T = NU{0} anda = 0.5. We have:

2y%e(t) =yA(t) +y7 (1) =yt +1) —y(t) +y(t) —y(t — 1) = y(t+ 1) -yt - 1).

Consider the( equationy®=(t) = 0.5y(t). Then,2y%«(t) = y(t), that is,y(t + 1) — y(t —
1)=y(t) < yt+1)=yt—1)+y(t). To have a unique solution, we need two initial or
two boundary conditions. Moreover, if we tagd) = 1 andy(1) = 1, then the Fibonacci
sequence is the unique solution to the boundary value proftenit) = 0.5y(t), y(0) = 1,
y(1) = 1. Fort € T, the solution is the Fibonacci sequence with the general formula

(t)_i - t+1 - f
YW=751"2 \@ 2

Definition 6.2. Let T be a time scale anldC T. A {g—dynamic equation of the first order
onl is an equation of the forra(t,y(t),y«(t)) = 0whereF : | x R? — R. If functionF is
linear with respect tg(-) andy®«(-), then the(>,—dynamic equation is said to be linear.

We consider linear equations of the fogae (t) = p(t)y(t) + f(t), wheref andp are
given functions on a certain regular time sc’iﬁleUnder the assumptions of Theorem 2.2,

we can write that/e(t) = ay?(t) + (1 — a) = ay?(t) + (1 — a)y?P(t) or yPu(t) =
ay o (t) + (1—a)y?(t). Then,y®«(t) = p(t )y( )+ f(t) can be rewritten, respectively, in
the following form: ay?(t) + (1 — a)y*(t) y(t) + f(t) oray o(t) + (L—a)y“(t) =

PO)Y(®) + f(b).

Definition 6.3. By Lye we denote the operatarse : G (T,R) — Cy (T,R) defined for
t € Tx by LEey(t) = y<>ﬂ( ) — p(t)y(t). If y € Cy(T,R) andLiey(t) = f(t) for all t € Tf,
then we say thaf(-) is a solution oﬂ_gay: fonT.

Proposition 6.4. The operatorl_gcx is a linear operator orC (T, R):
Lye (ays + bys) = aL§eys + bLyey,
for all a,b € R andyy,y, € Gy (T, R).
Proof. It follows from the linearity of the(>q—derivative. O

Corollary 6.5. If y; andys are solutions of the equatidrgﬂy = 0, then any linear combi-
nation ofy; andys, is also a solution otgay =0,i.e.,

Lgayl =0and Lgayz =0= Lg“ (ay1—|— by2> =0 Va,b eR.

Definition 6.6. If f(t) =0, then the equatiohgay: f is reduced to the homogeneous dy-
namic equatiorh.gay: 0. Otherwise, the equatidrgﬂy: f(t) is called nonhomogeneous.

The following standard property holds:

Proposition 6.7. The sum of a solution of the homogeneous equ&.@m = O with a solu-
tion of the nonhomogeneous equathﬁvy: f(t) gives a solution to the nonhomogeneous
equation.
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Proof. Letw,v € Gy (T,R). If L§ew=0andLjev = f, thenLgs (y+w) = f. O

Theorem 6.8. Let T be an atomic regular time scalg, € T*, yp be a given constant, and
p(-) € RN Ry. Then, the two boundary value problems

LSey(t) =0, teT*, ael0,1],

(6.1)
y(to) =Yo, a(l—a)y(p(to))=a(l—a)yo;
and
ap(s)y*(s) + (1— p°(U(s)) YA(s) — p°(s)y(s) =0, se T, 6.2)
y(0(s0)) =Yo, 0(l-a)y(sp)=0(l— )yo, '
coincide.

Proof. We do the proof in three parts: first for= 0, then fora = 1, and finally for any
€ (0,1).
Leta = 0. Then, problem (6.1) has the foy(t) = p(t)y(t) with one conditiory(ty) =
yo only. On the other hand, problem (6.2) has the fotra p°(s)u(s)) y*(s) — p°(s)y(s) =0
with the initial conditiony(o(sp)) = Yo. Denotea(s) by t. Then, the dynamic equation of

(6.2) can be writteg agl— p(t)u(p_(]f))zxf(pét)) — p)y(p(t)) = 0. Becausai(p(t)) =
g | O, if v(t) = Oy :

v(t), v(t)y (t)—{ yit) —y(p(t), if v(t) £0 , andy”(t) = y* (p(t)), we get (6.2) in the

form y7(t) = p(t)y(t), y(to) = Yo.

Consider nowa = 1. Then, problem (6.1) has the fory(t) = p(t)y(t), y(to) = Yo.
We transform the dynamic equation of (6.2) for casess = 0 and(s) # 0 separately. For
u(s) = 0 we get directly the forny®(s) = p(s)y(s), because thea(s) = s. Forp(s) # 0
we have thap(s)y*(s) = y*(a(s)) — y*(s). In this case the dynamic equation (6.2) can
be written as/A(a(s)) — p(a(s)) (K(S)y*(s) —y(s)) = 0. Lettingt = o(s), we gety(t) =
p(t)y(t). Moreover, we have also the initial conditigfty) = y(0(s0)) = Yo.

Leta € (0,1), ands= p(t). SinceT is a regular time scale, thér= a(s) andy“«(t) =
ay?°(s) + (1 —a)y 9(s) = ay?(s) + (1 —a)y?(s). Foru(s) = 0 we have alsw(s) = 0,
and we get the dynamic equation of problem (6.2) in the fgfiis) = p(s)y(s). In this
situation one hag?(s) = y7(s) = y®u(s) for all a € (0,1). Finally, let us consider points
se T which are scattered, i.q4s) # 0 andv(s) # 0, since we have a regular time scale.
Then,i(S)Y22(s) = YA(0(5)) —YA(9) = YA(t) —YA((p(t)) = yA(t) —y"(t) and the dynamic
equation (6.2) simplifies tay?(t) + (1 — o)y~ (t) — p(t) (v(t)y~(t) —y(p(t))) = 0. Thus,
Yoo (t) = p()y(t). 0

Theorem 6.9. Let T be an atomic regular time scalg, € T*, yp be a given constant, and
p(-) € RNRy. Then, the two boundary value proble¢fsl)and(6.2) have the same unique
solution for eactu € [0,1].

Proof. Fora = 0 the boundary value problem has the foyih= p(t)y(t), y(to) = yo, and
there exists a unique solution for tHisinitial value problem of first order for all € T,
because of—regressivity ofp. Similarly, fora = 1 the problem has the forgf = p(t)y(t),
y(to) = Yo, and there is a unique solution ire T, becausep € ®. Assume now, up to
the end of the proof, thatt € (0,1). We consider two cases:(t) # 0 andv(t) = 0.
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Assume thav(t) # 0. Then,u(s) # 0 and we can write the equation (6.2) in the form
o [y2%(5) —yA(8)] +YA(9) — P°(S)°(S) = 0. Moreover, thermy®(t) + (1— a)y>(p(t)) -
p(t)y(t) = 0 anday?(t) + (1 —a)y”(t) — p(t)(t) = O s in the form of (6.1). In this case
equation (6.2) can be written as

P2+ b - Blve o

which is regressive, thus having a unique solution. Indeed(®Bt= %2)“(5) andd(s) =

—~ B3 Then, for anyox € (0,1) one hasl — u(s)p(s) + K2(S)G(s) = 1— & # 0. Finally,

consider the case wherit) = 0. We havey®(t) = y°(t) = p(t)y(t), y(to) = Yo, and we are
back to the same situation af=0ora = 1. O

7 Diamond-alpha Exponential Functions

For a functiory : T — R we define the mapping: T — R? by settingY (t) := [ y(t) YP(t) ].
Lettp,t € T andt > to. Associated with a boundary value problem

LSey(t)=0, teT, a€l0,1],

(7.1)
y(to) = Yo, a(l—a)y(p(to)) =a(l—a)yo,

we consider a set of mappin@éto,t) : R> — R?*2 for which we can write tha¥ (t) =
Y (to)S(to,t), wherey(-) is the solution of (7.1).

Let T be an atomic regular time scale andtletT*. Then all points ifill* are two-sided
scattered or two-sided dense. Assume Tiatonsist of scattered points. In that casel
can be right-dense arsiipT left-dense. Fot € T* we can rewritel_gay(t) =0as asecond
order recurrence equation using a transition matrixg & T is right-scattered and> to,
then

Y(t) =Y (to) ﬁLA<ok<to>> Y (10)A)AG()) .. AT (1)), 7.2)
k=

wherer is such thao' (to) = p(t) (ort = o"*1(tp)) and matrixA(t) = [ Eg; cl)
a(t) = 1+ 2P (1), bt) = 25U The only possibility ot being a left-dense point
is thatt = supT. In that case tends to infinity. For a right-dengg= inf T we have that

} with

.
Y(t) =Y(to) (HAT(P"(U)> : (7.3)

Moreover, ifT is a real interval we can also write that
Z
t

to

Y(t) = Y(t) exp( p(r)dT) 2. (7.4)
Hence, we can always writ&(t) =Y (tg) S(to, t), whereS(to, t) is one of the matrices used in
formulas (7.2)—(7.4). The convergence of the product of matrices depenids i$ defined
or not, i.e., depends on the existence of a soluionto (7.1).
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When we consider a regular time scdlethen we use its unique partition on atomic
time scales. Let = TN T4 1, to € Ty, t € Tiy1. Then we defin® (t) :=Y (to)S(to, 5 )S(S;,t),
if both S(tp,s) andS(s;,t) exist.

Remark7.1 We gave the construction for the forward solution of (7.1). One can also
consider the backward solution by using the backward formula of recurrence and getting
YP(t) from Y (t).

Definition 7.2. The diamond-alpha exponential function, denotedy(-,to), is defined
as the solution (if it exists) of the diamond—alpha boundary value problem

LSey(t)=0, teT, a€l0,1],
y(to) =1, a(l—a)y(p(to)) = a(l—a).

Remark?.3 Eqp(t,to)=[ 1 1]Sto,t) [ (l) ]

The following proposition is a direct consequence of the above construction and our
Definition 7.2.

Proposition 7.4. Let T be a regular time scale with a finite partition amgle T. For all
t € T we have:

if a=1, Elyp(t,to) = ep(t,to);

II) if a=0, E()’p(t,to) = ép(t,to);

iii) for all a € [0,1], Eqo(t,t0) = 1.

Example 7.5. Let T = ¢Z, q > 1. Then, T is an atomic time scale. Lég = 0, p(t) be
bounded orT, andt > 0. Then,S(to,t) = ([T2_, AT (pX(t)))". As pX(t) tends to O, then

S(to,t) exists ifb(t) = (1;—0‘)(‘ <1, i.e., the diamond-alpha exponential is well defined if
Fr<a<l

Example 7.6. Let T = cZ, ¢ > 0. Then,u(t) =v(t) =c, o(t) =t+c, andp(t+c) =
t. Let us consider the boundary value problyﬁq( )= py(t), y(to) =1, a(a — 1)y(to —
1) = a(a —1). Then,f(s) = 22, §(s) = — £, and the dynamic equation takes the form
y“z(s) + B(s)y2(s) +G(s)y(s) = 0, which is an equation of constant coefficients and initial
conditionsa(a — 1)y(sp) = a(a — 1) andy(o(sp)) = 1. Consider the problem with =

0.5. Then, the fundamental system of solutions is giverghys, so) ande,,(s,s), where

TN . . .
Ao = PV 14 find the exact formula for the solution of the initial value problem

we have to calculateA (s,50) for constantA: €7 (s0,S0) = (1+ H(So)A1.2)€),,(S0,%0) =
1+ cA12. The solution has the form(t) = CleAl(s S0) +Co8), (s, %), Where constantS;
andC; satisfy the syster®; +Cy = 1 and(1+ A1€)Cy + (1+A2€)Cy = 1. As we have that

C(A1—A2) =24/1+ p?c2, 1+ A= pc+ /14 p?c?, 1+ Aoc = pc— +/1+ p2c?, then

£, (tto) = 1 pe-1 e (Pt Ve
1
2P0 2 2,/1+pc2 2" 2/1+p?c2) o)
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